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QUICK schemeAbstract This work is focussed on the numerical modeling of mixed convection heat transfer
effects in a lid-driven cavity filled with a copper–water nanofluid. A heated wall mounted block with
constant heat flux is attached along the vertical wall. The left vertical wall is maintained at higher
temperature compared to the right vertical wall and the other (top and bottom) walls are insulated.
A finite volume based numerical approach with QUICK scheme is used for the solution of nonlin-
ear governing equations. A computational visualization technique is used to represent the two
dimensional results of streamlines, isotherms, average Nusselt number and bulk-average tempera-
ture for a wide range of physical parameters, namely Reynolds number, Rayleigh number and solid
volume fraction. The effective fluid flow and heat transfer variation are analyzed by placing the
heated mounted block first along the left vertical wall (Case-I) and then along the right vertical wall
(Case-II) to test the maximum heat transfer effects. The changes in main characteristics of the flow
due to variation of Reynolds number and Rayleigh number are elaborated. The effect of various
flow parameters on the thermal conductivity behavior for both cases is discussed based on average
Nusselt number and bulk-average temperature and found that Case-I shows higher heat transfer
rate compared to Case-II, for higher Re; Ra and /.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In recent years, nanofluids have attracted enormous interests
from researchers due to their large scale applications in indus-
try, power plants and reactors for cooling processes. Normally
fluids such as water, propylene glycol or ethylene glycol are
used for cooling process but these compounds possess very
low thermal conductivity. The term nanofluid refers to thefluid in which nanoscale particles are suspended in the base
fluid to utilize their suspension stability effectively [1]. Metallic
nanoparticles with high thermal conductivity lead to remark-
able increase in effective thermal conductivity of these types
of fluids. However, the increase in the thermal conductivity
depends on shape and size of the solid nanoscale particles.
The scalar transport properties can also be enhanced consider-
ably by adding these particles to liquid flow. The dependence
of thermophysical properties in nanoparticles-fluid mixture is
estimated by Xie et al. [2]. They found that nanoparticle fluid
mixtures containing nano-sized particles have high thermal
conductivity compared to the same liquid without nanoparti-
cles. Keblinski et al. [3] worked on the possible mechanisms
Nomenclature
Cp specific heat capacity (J/K)
Gr Grashof number gbTðT0T1ÞL
3
m2
 
g gravitational acceleration (m=s2)
k thermal conductivity (W/m K)
Pr Prandtl number
Ra Rayleigh number
Re Reynolds number
Ri Richardson number
T temperature (K)
h dimensionless temperature
x0; y0 Cartesian coordinates (m)
x; y dimensionless Cartesian coordinates
u; v components of velocity in x0 and y0 directions
(m=s)
U; V dimensionless of velocity components in x and y
directions
H height of cavity (m)
W width of cavity (m)
Greek letters
W stream function (m2=s)
w dimensionless stream function (W=af)
X vorticity (s1)
x dimensionless vorticity (XH2=af)
a thermal diffusivity (k=ðqCpÞ) (m2=s)
b coefficient of volume expansion (K1)
/ solid volume fraction
l dynamic viscosity (Pa s)
m kinematics viscosity (m2=s)
q density (kg=m3)
Subscripts
f fluid
m average
nf nanofluid
o reference state
p solid
w wall
c cold
798 S. Malik, A.K. Nayakof enhancing thermal conductivity and suggested that the size
effect, the surface absorption and clustering of nanoparticles
could be the major reasons for heat transfer enhancement.
The model developed by Maxwell [4] has shown that effective
thermal conductivity of suspensions containing spherical parti-
cles can be increased by increasing the solid volume fraction of
the nanoparticles. The proposed model also depicted the
dependence of thermal conductivity of nanofluid on the solid
volume fraction ratio which is applicable to only micro sized
particles with low dense mixtures. Consequently, Maxwell’s
model is improved by the number of authors, e.g. Kumar
et al. [5], Patel et al. [6], Yu and Choi [7] and Prasher et al.
[8] by varying the particle size, solid volume fraction ratio
and temperature to find the higher thermal conductivity.
In the natural convection process, it is found that dynamic
viscosity plays a vital role for heat transfer enhancement of the
nanofluid. Xu et al. [9] proposed a model for calculation of the
thermal conductivity of nanofluids, due to Brownian motion
of nanoparticles in the base fluid depending upon average size
of nanoparticles, temperature, fractal dimensions and concen-
tration of nanofluids. Sheremet and Pop [10] studied a steady
natural convection in a square porous enclosure filled with
nanofluid by using Buongiorno’s model. Two vertical side
walls are used as heat source for the convection heat transfer
and Darcy’s law for the flow in the porous medium and the
Boussinesq approximation for the buoyancy effects. It is
observed that high thermophoresis parameter, low Brownian
motion parameter, low Lewis and Rayleigh numbers and high
thermal conductivity ratio reflect essential non-homogeneous
distribution of the nanoparticles inside the porous cavity.
Eastman et al. [11] experimentally observed that thermal
conductivity can be increased up to 60% by using a nanofluid
consisting of water and 5% CuO nanoparticles. Khanafer et al.
[12] conducted a numerical study of natural convection utiliz-
ing copper–water nanofluid in a two-dimensional enclosure.
They found that for any Grashof number, heat transfer inthe enclosure is increased by changing the volume fraction of
copper nanoparticles in water. Lee et al. [1] experimentally
observed that thermal conductivity of nanofluids increases
with the increase in solid volume fraction by considering both
Al2O3–water and CuO–water mixture. Ho et al. [13] numeri-
cally investigated the effects of uncertainties due to adopting
various formulae for the effective thermal conductivity and
dynamic viscosity of the Al2O3–water nanofluid in a vertical
square enclosure. It is also found that by adding nanoparticles
in pure water improves its cooling performance at low
Rayleigh numbers. Mixed convection flow in lid-driven cavity
with a horizontal sliding wall is a subject of interest for many
years since this phenomenon often affects the thermal perfor-
mance of the system. Khanafer et al. [12] investigated the
problem of buoyancy-driven heat transfer enhancement of
nanofluids in a two-dimensional enclosure by a natural convec-
tion process where the vertical walls are maintained at high
and low temperature and other walls are insulated, non-
conducting and impermeable to mass transfer. Heat transfer
performance is discussed based on the buoyancy effects, solid
particle dispersion and various flow controlling parameters.
Hwang et al. [14] carried out a theoretical investigation of
the thermal characteristics of natural convection of an
alumina-based nanofluid in a rectangular cavity heated from
below using Jang and Choi’s model [15] by predicting the effec-
tive thermal conductivity of nanofluids. Tiwari and Das [16]
investigated numerically heat transfer augmentation in a lid-
driven cavity filled with a nanofluid and found that the pres-
ence of nanoparticles in base fluid is capable of increasing
the heat transfer capacity. Sheremet et al. [17] also used the
model suggested by Tiwari and Das and discussed the natural
convection heat transfer in a porous enclosure utilizing nano-
fluid in conditions of thermal stratification. They have tried to
find the effects of Rayleigh number, thermal stratification
parameter, porosity of the porous medium, solid volume frac-
tion parameter of nanoparticles, and the solid volume fraction
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isotherms. A mixed convective heat and mass transfer effects
in a lid driven cavity are studied by Sheremet and Pop [18].
The movable upper and lower lids are maintained with higher
and lower temperature to find the substantial effects on the
flow and heat transfer characteristics due to variation of the
Reynolds, Grashof, Prandtl and Lewis numbers along with
the buoyancy-ratio. Study of laminar mixed convective flow
and heat transfer of water with Al2O3 nanofluid in single
and double lid-driven cavities is carried out by Chamkha
and Abu-Nada [19]. They reported about the heat transfer
enhancement due to nanoparticles volume fraction for moder-
ate and large Richardson numbers. According to Nasrin et al.
[20] Richardson number plays a vital role on the heat transfer
characterization. The technique for improving thermal con-
ductivity by using nanofluids in place of traditional fluids such
as water has been extensively used nowadays. The most usage
of mixed convection flow with lid-driven effect is to include the
electronic cooling, MEMS applications, food processing,
nuclear reactors, drying technologies and lubrication technolo-
gies [21,22].
Despite a good number of theoretical and experimental
works on nanofluid based on buoyancy driven natural or
mixed convection process heated from side or bottom wall
are analyzed in the literature, still there are several information
lacking regarding the heat transfer enhancement in enclosures.
To the best of our knowledge, the problem of mixed convec-
tion cavity due to buoyancy driven flow with a localized heat
source along the vertical walls in enclosures is not reported
in the literature. The problem is of significance in a number
of electronic cooling equipped with nanofluids.
The present work focusses on the effective heat transfer and
its variation due to the localized heat source embedded along
the left and right vertical walls of the lid driven cavity filled with
copper–water nanofluid since Khorasanizadeh et al. [23] found
that the maximum heat conductivity can be found by differen-
tially heated walls. Effective thermal conductivity mapping is
analyzed for a wide range of pertinent parameters, such as
Reynolds number, Rayleigh number and solid volume fraction.(a) Case-I
Figure 1 A schematic diagra2. Problem definition and mathematical formulation
2.1. Physical configuration
In the present study a two dimensional enclosure of height ‘H’
and width ‘W’ filled with a suspension of copper nanoparticles
in water is considered. The top and bottom walls are assumed
to be nonconducting, insulated and impermeable to solute.
The left vertical wall is kept at high temperature (TH) and right
vertical wall is maintained with low temperature (TC). The
copper nanoparticles are assumed to be of uniform shape
and size and diameter is equal to be 100 nm. A heat source
with constant heat flux of length W=2 is attached along
the vertical wall. Case-I is for the heat source placed along
the left vertical wall above the height H=2 (Fig. 1(a)), and
Case-II is for the heat source placed along the right
vertical wall above the height H=2 (Fig. 1(b)). The copper–wa-
ter nanofluid is assumed to be Newtonian, incompressible and
laminar. It is assumed that the fluid phase and nanoparticles
both are in thermal equilibrium state and have same velocity
with no slip condition. The thermophysical properties of the
nanofluid are assumed to be constant except for the density
variation which is determined using Boussinesq approximation
[24]
qfðTÞ ¼ qf0 ½1 bTðT TCÞ ð1Þ
where qf0 is the density of undisturbed fluid, TC is the uniform
temperature of the fluid at rest. The volumetric coefficient of
thermal expansion is
bT ¼ 
1
qf
@qf
@T
> 0: ð2Þ
The thermophysical properties of water and copper at the
reference temperature are presented in Table 1.
The two dimensional governing Navier–Stokes equations
along with heat transfer equation in stream function–vorticity
formulation in dimensional form with Boussinesq-fluid
assumption are given by.(b) Case-II
m of the physical model.
Table 1 Thermophysical properties of water and copper.
Property Water Copper
Cp 4179 383
q 997.1 8954
k 0.6 400
b 2:1 104 1:67 105
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@2W
@x02
þ @
2W
@y02
¼ X: ð3Þ
Vorticity equation:
@X
@t0
þ u @X
@x0
þ v @X
@y0
¼ mnf
qnf
@2X
@x02
þ @
2X
@y02
 
þ /bp þ ð1 /Þbf
 
g
@T
@x0
 
: ð4Þ
Energy equation:
@T
@t0
þ u @T
@x0
þ v @T
@y0
¼ anf @
2T
@x02
þ @
2T
@y02
 
: ð5Þ
where anf ¼ knf=ðqCpÞnf is the thermal diffusivity. The effective
density of nanofluid at the reference temperature can be
defined as
qnf ¼ ð1 /Þqf þ /qp ð6Þ
where qnf; qf; qp and / are the density of nanofluid, density of
base fluid, density of nanoparticle and volume fraction of the
nanoparticles, respectively.
The heat capacitance of nanofluid can be written as
ðqCpÞnf ¼ ð1 /ÞðqCpÞf þ /ðqCpÞp: ð7Þ
The effective thermal conductivity of the nanofluid is
approximated by the Maxwell self-consistent approximation
model. For the two-component entity of spherical-particle sus-
pension, the Maxwell model [4] gives
knf
kf
¼ kp þ 2kf  2/ðkf  kpÞ
kp þ 2kf þ /ðkf  kpÞ : ð8Þ
The effective viscosity of nanofluid is given by Brinkmann
[25] as follows,
lnf ¼
lf
ð1 /Þ2:5 : ð9Þ
The initial and boundary conditions are given by
u ¼ v ¼ T ¼ 0 for t0 ¼ 0; ð10Þ
for t0 > 0,
u ¼ v ¼ 0;T ¼ TH at x0 ¼ 0 0 6 y0 6 H;
u ¼ v ¼ 0;T ¼ TC at x0 ¼W 0 6 y0 6 H;
u ¼ v ¼ 0; @T
@y0
¼ 0 at y0 ¼ 0 0 6 x0 6W;
u ¼ U0; v ¼ 0; @T
@y0
¼ 0 at y0 ¼ H 0 6 x0 6W: ð11Þ
At the heat source surface; u ¼ v ¼ 0; T ¼ TH.The above mentioned equations can be expressed in non-
dimensional form by incorporating the following dimension-
less variables,
x ¼ x
0
H
; y ¼ y
0
H
;U ¼ u
U0
;V ¼ v
U0
; h ¼ T TC
TH  TC : ð12Þ
The governing equations in dimensionless form by consid-
ering the above mentioned assumptions can be rewritten as,
@2w
@x2
þ @
2w
@y2
¼ x ð13Þ@x
@t
þU @x
@x
þ V @x
@y
¼ 1
Re
qf
qnf
1
ð1 /Þ2:5
@2x
@x2
þ @
2x
@y2
 
þ Ra
Re2Pr
qf
qnf
1 /þ /qpbp
qfbf
 
@h
@x
ð14Þ@h
@t
þU @h
@x
þ V @h
@y
¼ 1
RePr
knf
kf
ðqCpÞf
ðqCpÞnf
@2h
@x2
þ @
2h
@y2
 
: ð15Þ
The initial conditions for t ¼ 0 are given by,
U ¼ V ¼ 0; h ¼ 0 for 0 6 x 6 1; 0 6 y 6 1; ð16Þ
and for t > 0,
U ¼ V ¼ 0; h ¼ 1 at x ¼ 0; 1 0 6 y 6 1;U ¼ V ¼ h ¼ 0 at x ¼ 1 0 6 y 6 1;U ¼ V ¼ 0; @h
@y
¼ 0 at y ¼ 0 0 6 x 6 1;U ¼ 1;V ¼ @h
@y
¼ 0 at y ¼ 1 0 6 x 6 1: ð17Þ
Along the heat source surface, we have considered non-
dimensional heat transfer values as, h ¼ 1.
It can be seen from the equations that the flow and heat
transfer are characterized by three dimensionless parameters
(i) Rayleigh number (Ra), (ii) Reynolds number (Re) and (iii)
Prandtl number (Pr) and are given by
Ra ¼ gbfL
3Dt
mfaf
; Re ¼ qU0L
m
; Pr ¼ mf
af
: ð18Þ
In order to calculate the heat transfer enhancement, we have
calculated Nu (Nusselt number) and Num (average Nusselt
number) along the heated surface as,
NuðXÞ ¼  knf
kf
@h
@X
 
hot wall
ð19ÞNum ¼
R
hot wall
NuðXÞdXR
hot wall
dX
: ð20Þ
The bulk average temperature defined by Singh and Sharif [26]
as,
j ¼
Z
TdV
V
ð21Þ
where V is the enclosure volume.
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In order to obtain the numerical solution of the governing fluid
flow equations together with the specified boundary conditions
a control volume approach is opted [27]. The numerical
solutions in this paper are obtained by choosing uniform grid
system for computation. The algebraic finite volume equations
for vorticity and energy are solved using alternate direction
implicit (ADI) scheme. When flow is dominated by convection
effects then the numerical instability is achieved for higher
Reynolds number. To overcome such instability a third order
accurate (QUICK) scheme is employed to discretize the con-
vective terms [28]. The implicit scheme is used for time steps.
In order to linearize the nonlinear system of partial differential
equations, a quasi-linearization approximation has been
employed.
At every time step, we approximate the nonlinear term as
u
@x
@x
 nþ1
¼ un @x
@x
 nþ1
ð22Þ
with nP 0, is the iteration index. The convective terms are
discretized by third-order accurate upwind difference scheme
given by
uij
@x
@x
 
¼ uijðxiþ2j  2xiþ1j þ 9xij  10xi1j þ 2xi2jÞ=ð6dxÞ
ð23Þ
for uij positive and,
uij
@x
@x
 
¼ uijð2xiþ2j þ 10xiþ1j  9xij þ 2xi1j  xi2jÞ=ð6dxÞ
ð24Þ
for uij negative.
The truncation error of this scheme is given by
1
4
ðdxÞ3ðuij@4x=@x4Þ: ð25Þ
The expression for x, near the wall is obtained by a second
order central difference scheme as,
uij
@x
@x
 
¼ uijðxiþ1j  xi1jÞ=ð2dxÞ þOðdx2Þ: ð26Þ
The diffusion terms are discretized through a second-order
accurate central-difference scheme, which is conducive to a
stable solution as,
ðxxxÞij ¼ ðxi1j  2xij þ xiþ1jÞ=ðdxÞ2
ðxyyÞij ¼ ðxij1  2xij þ xijþ1Þ=ðdyÞ2:
The vorticity boundary on the solid boundary is unknown
which can be evaluated by using the Poisson Eq. (13) along
the boundary. The boundary condition of wall vorticity on
the lower flat surface is given by
xi1 ¼ ð8wi2  wi3Þ=2ðdyÞ2 þO½ðdyÞ2 ð27Þ
In a similar manner, boundary conditions for x are obtained
on the other walls.
We consider the grids (xi; yj),
xi ¼ ði 1Þdx i ¼ 1; . . . ;Mþ 1 ð28Þyi ¼ ði 1Þdy j ¼ 1; . . . ;Nþ 1 ð29Þ
where i and j are grid index in the x and y directions respec-
tively. M and N are the number of grid points along x and y
directions respectively. The increment along x axis is dx and
along y axis is dy. The value of w and x at (i, j) cell is denoted
by wij and xij respectively.
An implicit calculation of the momentum and energy equa-
tions is performed. The discretization of the governing vortic-
ity and heat transfer equations in horizontal direction results
in a system of algebraic equations of the form
AiU
nþ1=2
i1;j þ BiUnþ1=2i;j þ CiUnþ1=2iþ1;j ¼ Di ð30Þ
where U denotes x and h and the coefficients for different cases
are given by,
Case-I: When Unij > 0; V
n
ij > 0
Ai ¼  5
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Bi ¼ 2dtþ
3
2
Unij
dx
þ 2qf
Reqnfð1 /Þ2:5ðdxÞ2
Ci ¼  1
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Di ¼ 5
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij1
þ 2
dt
 3
2
Vnij
dy
 2qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij
þ 1
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnijþ1
 U
n
ij
6dx
ðxniþ2j þ 2xni2jÞ 
Vnij
6dy
ðxnijþ2 þ 2xnij2Þ
Case-II: When Unij > 0; V
n
ij < 0
Ai ¼  5
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Bi ¼ 2dtþ
3
2
Unij
dx
þ 2qf
Reqnfð1 /Þ2:5ðdxÞ2
Ci ¼  1
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Di ¼  1
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij1
þ 2
dt
þ 3
2
Vnij
dy
 2qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij
þ  5
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnijþ1
 U
n
ij
6dx
ðxniþ2j þ 2xni2jÞ þ
Vnij
6dy
ð2xnijþ2 þ xnij2Þ
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n
ij > 0
Ai ¼ 1
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Bi ¼ 2dt
3
2
Unij
dx
þ 2qf
Reqnfð1 /Þ2:5ðdxÞ2
Ci ¼ 5
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Di ¼ 5
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij1
þ 2
dt
 3
2
Vnij
dy
 2qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij
þ 1
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnijþ1
þ U
n
ij
6dx
ð2xniþ2j þ xni2jÞ 
Vnij
6dy
ðxnijþ2 þ 2xnij2Þ
Case-IV: When Unij < 0; V
n
ij < 0
Ai ¼ 1
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Bi ¼ 2dt
3
2
Unij
dx
þ 2qf
Reqnfð1 /Þ2:5ðdxÞ2
Ci ¼ 5
3
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Di ¼  1
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij1
þ 2
dt
þ 3
2
Vnij
dy
 2qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij
þ  5
3
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnijþ1
þ U
n
ij
6dx
ð2xniþ2j þ xni2jÞ þ
Vnij
6dy
ð2xnijþ2 þ xnij2Þ−0.4 −0.2 0 0.2 0.4 0.6 0.8 1
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Figure 2 Comparison of the present results of (a) u-velocity with Farh
time step independence test at Re ¼ 100 and Ra ¼ 105 for plain fluid.and on the boundary the coefficients are slightly different as
the convective terms are discretized by using central difference
scheme. The coefficients are given by,
Ai ¼  1
2
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Bi ¼ 2dtþ
2qf
Reqnfð1 /Þ2:5ðdxÞ2
Ci ¼ 1
2
Unij
dx
 qf
Reqnfð1 /Þ2:5ðdxÞ2
Di ¼ 1
2
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij1
þ 2
dt
 2qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnij
þ  1
2
Vnij
dy
þ qf
Reqnfð1 /Þ2:5ðdyÞ2
 !
xnijþ1
The vertical direction scheme is developed in the similar
fashion.
The second order Poisson equation for the stream function
Eq. (13), is discretized through a upwind spatial difference
scheme.
The resulting algebraic equations are solved using the
successive over relaxation (SOR) method. SOR method is used
due to the nonlinear nature of governing equations. The
convergence criterion used for the calculation of temperature,
vorticity and stream function is defined by the expression,
 ¼ s
nþ1
i;j  sni;j
snþ1i;j

 6 105 ð31Þ
where  is the tolerance in any time level and s represents the
flow variables.
The velocity components u and v at every grid point are
evaluated using central difference approximation. A time
dependent numerical solution is achieved by obtaining the flow
field variables through a sequence of shorter time steps of
duration 0.001. For the range of parameter values considered
here, the flow field achieves a steady state after a transient0.5 0.6 0.7 0.8 0.9 1
x
van et al. [2010]
b)
−0.2 0 0.2 0.4 0.6 0.8 1
0
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0.3
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0.7
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u
y
dt=0.01
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dt=0.005
(c)
ad et al. [21], (b) v-velocity with Muthtamilselvan et al. [29] and (c)
Buoyancy driven heat transfer in nanofluids 803state, and this steady state is independent of the initial condi-
tions prescribed. To test the accuracy of our numerical
algorithm, a two dimensional lid driven cavity filled with cop-
per–water nanofluid is considered. For this structure non-
dimensional governing equation involves Reynolds, Rayleigh
and Prandtl number. The grid independence tests are per-
formed by varying the grid sizes between 61 61 and
121 121. Fig. 2(a) and (b) represent the grid size effect on
the horizontal and transverse velocity. Fig. 2(a) represents
u-velocity profile for Re ¼ 10; Ra ¼ 1:47 104 with / ¼ 3%.
We found that the solution changes by halving the grid size
occurring on the third decimal place. Fig. 2(b) represents
v-velocity profile for Ri ¼ 1; Ra ¼ 100 with / ¼ 2%. The com-
parison of our result with that of Muthtamilselvan et al. [29] is
found to be optimum for 81 81 grid size. A comparison of
our results for streamlines with the result due to Amir et al.
[30] is presented in Fig. 3(a) and (b) with Ra ¼ 103; Re ¼ 10
and / ¼ 0%. Amir et al. considered the natural convection
in a square cavity filled with nanofluid where a horizontal heat
source is mounted along the left wall. It is found that the pre-
sent numerical result is validated with their result up to 98%.(a)
Figure 3 Comparison of streamlines with Amir et al. [30] (a) result
parameters considered as Ra ¼ 103; Re ¼ 10 and / ¼ 0%.
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Figure 4 Average Nusselt number comparison with RayIn Fig. 4(a) we present a comparison of our result for
average Nusselt number of nanofluid within a vertical square
enclosure with the experimental result due to Ho et al. [31].
In their experimental observation nanofluid has been formu-
lated by mixing water with various volumetric fractions of alu-
mina (Al2O3) nanoparticles ranging from 0.1 vol% to 4 vol%.
The square enclosure is differentially heated across two vertical
walls, while the remaining walls are thermally insulated. In the
present comparison, we have considered the particle fraction
as 1%, and Ra is varied as 6 105 6 Ra 6 3:37 106. The
results obtained by Ho et al. [31] are in excellent agreement
with our results.
Fig. 4(b) represents the comparison of the present result for
some special cases with the results due to Davis [32], Manzari
[33], Wan et al. [34], Muthtamilselvan et al. [29], for a clear
fluid case with the variation of Rayleigh numbers between
103 6 Ra 6 106 with Pr ¼ 1. It can be observed that the com-
putational code is in good agreement with the benchmark
results. Further, the code is validated against the result of heat
transfer enhancement in a lid driven enclosure filled with
copper–water nanofluid (Fig. 4(c)). The results have been-0.
00
1
-0.010
-0.001
-0.00
5
-0.0
10
(b)
due to Amir et al. [30] and (b) the present result where the flow
umber (Ra)
105 106
9)
001)
lvan 
k
)
Solid Volume Fraction (φ)
0 0.02 0.04 0.06 0.08
2.3
2.4
2.5
2.6
2.7
2.8
2.9
Result due to Muthtamilselvan
etal. [2010]
Present Study
(c)
A
ve
ra
ge
 N
us
se
lt 
N
um
be
r (
N
u m
)
leigh number (a and b) and solid volume fraction (c).
804 S. Malik, A.K. Nayakpresented for variation of average Nusselt number due to the
uniformly heated wall where the parameters are considered
as Pr ¼ 6:2; Ri ¼ 1; Re ¼ 100 and aspect ratio = 1 with the
variation of solid volume fraction 0 6 / 6 0:08. Fig. 4(c)
shows the average Nusselt number comparison with Muth-
tamilselvan el al. [29], which seems to be in good agreement
with the present solution.
3. Results and discussion
In the present study pertaining to Cu–water nanofluid the
numerical computations are performed for 10 6 Re 6 100,
103 6 Ra 6 105 and 0 6 / 6 5% and throughout the study
Prandtl number Pr ¼ 6:2 is fixed. The mathematical formula-
tion shows that the heat transfer process is mostly affected
by the wall mounted heat source on the left and right vertical
wall independently. The flow is governed by two mechanisms:
(i) shear force due to sliding top lid and (ii) Buoyancy force due
to vertical temperature gradient from left wall.
The first phase of the work deals with the heated block on
the left hot wall (Case I). Fig. 5(i) and (ii) display the stream-
lines and isotherms for Re ¼ 10 for different solid volume frac-
tions and Rayleigh numbers. The fluid close to the heat source
gets heated quickly due to quick absorption of heat. The fluid
particles move upward due to buoyancy force. Then cold fluid
enters to this empty region moving from near region of the
right cold wall. The hot fluid is moving toward the right wall.
A big recirculation zone is formed throughout the cavity. In
Fig. 5(i) for Ra ¼ 103, it is found that a small recirculating
eddy is formed along the upper region of the cavity. The vol-
ume fraction is varied from 0% to 5%. The combined effect
of weak buoyancy and shear force leads to a weak force. With
increase in Rayleigh number, the position of the center of-0.0685
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Figure 5 Solid volume fraction and Rayleigh number effecvortex moves toward right vertical wall as depicted in Fig. 5
(i). The presence of nanoparticles in the water increases the
intensity of the flow combined with the buoyancy and shear
force. As the volume fraction value increases, the vortex move
downward. Fig. 5(ii) represents the effective thermal conduc-
tivity for small Reynolds number ðRe ¼ 10Þ with different
Ra and / values. For low Rað103Þ values, it is observed that
isotherms remain uniform in most part of cavity which signifies
that heat transfer conductivity dominates. As Ra increases, the
convective heat transfer effect increases and hence variation of
temperature lying within the core of the cavity increases. At
Ra ¼ 105, it is found that the isotherms are almost parallel
to the horizontal wall at the lower section of the cavity. From
Fig. 5(ii)(g–i), it is observed that cold fluid is coming down
along the vertical wall, touching the lower part of the heat
source and then tries to get connect to the heated wall. It sig-
nifies that the temperature of the heated surface and adjacent
fluid of the heat source is higher than other walls. It is also
clear from the figure that the value of isotherms increases with
increase in solid volume fraction ratio as well as Rayleigh num-
ber and reaches its maximum value i.e., 0.9764 for Ra ¼ 105
and / ¼ 5%.
The streamlines for Re ¼ 50 and Re ¼ 100 are presented in
Figs. 6(i) and 7(i). As Re increases, for small Ra ð103Þ the flow
is dominated by buoyancy effects and the impact of shear
mechanism generated by the moving top lid penetrates to a
small distance toward the interior region of the cavity forming
a primary eddy. From Figs. 6(i) and 7(i) it can be observed that
two smaller eddies are formed along the lower part of the cav-
ity. For larger Re ð100Þ values three eddies are generated at
Ra ¼ 104. It can also be observed from Fig. 7(i) that for
Ra ¼ 103, the lower right eddy is much larger as compared
to the lower left eddy because of dominating buoyancy effect0.9265
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Figure 6 Solid volume fraction and Rayleigh number effects for Re= 50 (Case-I) (i) streamline and (ii) isotherms.
-0.0741
-0.0588
-0.0408
-0.0000
-0
.0
00
1 0.0006
0.0000
-0.0012
-0.0249
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=0%
R
a=
10
3
(a)
-0.0000
0.0001
0.0006
-0.0602
-0.0008
-0.0001
-0.0730-0.0243
-0.0243
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=3%(b)
-0.0747
-0.0219
-0.0008
0.0006
0.0001
-0.0000
-0
.00
01
-0.0609
-0.0219
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=5%(c)
0.
00
01-0.0011
-0.0009
-0.0003
-0.0009
-0.0739
-0.0219
-0.0600
-0.0219
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
R
a=
10
4
(d)
0.0001
-0.0011
-0.0008
-0.0003
-0.0015
-0.0758
-0.0141
-0.0633
-0.0259
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(e)
0.0001
-0.0010
-0.0008
-0.0003
-0.0010
-0.0746
-0.0121
-0.0605
-0.0232
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(f)
-0.0229
-0.0693
-0.0486
-0.0229
-0.0022
-0.0138
-0.0061
-0.0005
-0.0022
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(i)
-0.0257
-0.0687
-0.0521
-0.0257
-0.0011
-0.0140
-0
.0
05
8
-0.0011
-0.0011
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(h)
-0.0205
-0.0726
-0.0569
-0.0280
-0.0009
-0.0155
-0
.0
06
6
-0.0034
-0.0009
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
R
a=
10
5
(g)
(i)
0.7840
0.07140.4749
0.0384
0.0714
0.
00
82
0.
00
02
0.1410
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=0%
R
a=
10
3
(a)
0.8273
0.3978
0.0755
0.0461
0.0755
0.
00
36
0.
00
050.144
0
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=3%(b)
0.8398
0.3394
0.0779
0.0779
0.
00
38
0.
00
08
0.18
82
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
φ=5%(c)
0.8200
0.4341
0.0475 0.0362
0.0643
0.
00
02
0.
00
22
0.0273
0.12
73
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
R
a=
10
4
(d)
0.0725
0.0435
0.0318
0.8121
0.4307
0.0725
0.1
515
0.0
03
5
0.
00
03
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(e)
0.7908
0.5623
0.2682
0.2304
0.2790
0.2790
0.0205
0.0653
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
R
a=
10
5
(g)
0.7975
0.5555
0.2667
0.2440
0.28
67
0.3437
0.0234
0.0903
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(h)
0.0769
0.0544
0.0366
0.
00
52
0.
00
06
0.1
52
6
0.8379
0.4911
0.0769
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(f)
0.8466
0.5288
0.1832
0.1832
0.1832
0.3110
0.0160
0.0494
0 0.25 0.5 0.75 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
(i)
(ii)
Figure 7 Solid volume fraction and Rayleigh number effects for Re= 100 (Case-I) (i) streamline and (ii) isotherms.
Buoyancy driven heat transfer in nanofluids 805and as Ra increases it gets smaller and finally for Ra ¼ 105 it
gets vanished because of dominating tendency of shear force.
The hot fluid tries to move toward the right wall and the core
fluid gets mixed at these higher Re values. At higher Reynolds
number ðRe ¼ 100Þ the fluid is well mixed and buoyancy force
is dominated by shear force along the upper part of the cavity.
It is evident from the figure that streamlines values areincreasing significantly as Re increases. A regular increase in
effective thermal conductivity can be seen in Figs. 6(ii) and
7(ii). The isotherm values continuously increase with increase
in Ra as well as / values. For the larger Re and smaller Ra val-
ues the isotherms in the upper portion of the cavity become
parallel to the horizontal axis because of the effect of increas-
ing shear force whereas in the lower portion of the cavity shear
806 S. Malik, A.K. Nayakforce they are less effective; hence, the isotherms are perpendic-
ular to horizontal axis. As Ra increases, the convective heat
transfer increases and hence variation of temperature lying
within the core of the cavity also increases because of which
the shear force dominates and hence most of the isotherms
become parallel to horizontal axis.
For the second case, we have kept the mounted heat source
along the right wall. Fig. 8(i) represents the streamlines for
Re ¼ 10 with 103 6 Ra 6 105 and 0 6 / 6 5%. For low Re
values, it is found that four separate eddies form inside the
cavity for smaller Ra (103) values (Fig. 8(i)(a–c)) and the fourth
eddy vanishes with increase in Ra values. Upper eddy is formed
because of the shear force due to the lid dragging the adjacent
fluid. With the increase in Ra values the upper eddy starts mov-
ing toward the right side of the cavity due to increasing buoy-
ancy effects from left wall. Middle eddy is formed due to the
obstructing mounted heat source, fractional losses and stagna-
tion pressure but it vanishes with the increasing values of Ra.
The lower upstream eddy formed for Ra ¼ 103 is due to the
combined buoyancy effects from the left wall and heat source,
and got vanished as Ra increases. A lower downstream eddy is
formed due to the opposing action of buoyancy. The heat trans-
fer effects are mostly via convection in the boundary layers. The
buoyancy effects are significant only near the cavity wall and
core of the cavity is isothermal. With increase in Ra values,
the lower downstream eddy gets enlarged and is divided into
two parts due to the presence of secondary heat source along
the middle of the right wall. It can be observed that the solid
volume fraction does not have effect on the flow pattern but
on the stream function values, the flow intensity is augmented
by increasing solid volume fraction. The stream function value
at the center of the cavity gets from 0.0698 to 0.0669 at
Ra ¼ 103 for a 5% increase in solid volume fraction. Also,-0.0698
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Figure 8 Solid volume fraction and Rayleigh number effecfor smaller Ra values in Fig. 8(i)(a–c) the primary eddy adheres
to the walls of the cavity, but moves away with the increasing
values of Ra as shown in Fig. 8(i)(g–i), which shows that inten-
sity on buoyancy and hence of the natural convection increases
with Ra. From Fig. 8(i), it is found that the value of stream
function is large at higher values of Ra as compared to lower
Ra values. It is also found that due to increment of solid volume
fraction the stream function values increase.
From Figs. 9(i) and 10(i), it can be predicted that increase in
Re results in significant change in the flow structure, i.e., the
enlargement of lower upwind eddy and subsequently contrac-
tion of lower downstream eddy. Together with this all the four
eddies can be seen with increasing Ra values. But at larger Re
values with larger Ra the lower downstream eddy contracts
and upper eddy expands toward lower right part of cavity.
We found a significant change of streamline values with
increasing solid volume fraction ratio.
The heat transfer effect for second case has been presented
in Figs. 8(ii), 9(ii) and 10(ii) for Re= 10, 50 and 100 respec-
tively. The heat transfer for this case is due to conduction as
well as convection which results in a gradual variation of tem-
perature in the cavity. Since we have placed heat source on the
right wall the fluid particles move away from heat source but at
the same time the opposite wall is also hot because of which
the opposing buoyancy effect takes place and the heat transfer
rate increases in the whole domain. For increasing Re values,
the isotherm lines become more and more parallel to the heat
source. This is due to the combined effect of buoyancy and
shear force due to sliding top lid. The isotherm values increase
significantly with the increase in Ra values as well as with
increase in solid volume fraction.
The variation of average Nusselt number against the
Reynolds number (10 6 Re 6 100), Rayleigh number0.9377
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ts for Re= 10 (Case-II) (i) streamline and (ii) isotherms.
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Figure 9 Solid volume fraction and Rayleigh number effects for Re= 50 (Case-II) (i) streamline and (ii) isotherms.
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Figure 10 Solid volume fraction and Rayleigh number effects for Re= 100 (Case-II) (i) streamline and (ii) isotherms.
Buoyancy driven heat transfer in nanofluids 807(103 6 Ra 6 105) and solid volume fraction (0 6 / 6 5%)
along the left vertical wall is displayed in Fig. 11 for both
Case-I and Case-II. In comparison with pure fluid, use of
nanofluid increases the flow intensity, gives rise to the heat
transfer and hence increases average Nusselt number 11(a).The increase of Re within the cavity i.e., velocity is increased
in the moving lid leads to a forced convection dominated flow
which results in increment of average Nusselt number. For all
Ra values, the increase in average Nusselt number seems to be
linear and smooth. Increasing the value of Ra increases the
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Figure 11 Average Nusselt number along left wall for various Re; Ra and / (a) Case-I, (b) Case-II.
808 S. Malik, A.K. Nayakaverage Nusselt number sharply. But increase in volume frac-
tion values has a large impact on the heat transfer enhance-
ment. For a particular Rayleigh number (104) if the volume
fraction values are increasing (3–5%), the rate of heat transfer
increases even if the Rayleigh number is larger in that particu-
lar volume fraction value (Ra ¼ 105; / ¼ 3%). The change of
volume fraction values is responsible for the heat exchange
between the system and nanoparticles.
The average Nusselt number for Case-II is displayed in
Fig. 11(b). In this case the average heat transfer rate is decreas-
ing when the Ra value is increasing at low Re values. Except
for the value of Ra ¼ 105, the increase is linear. For higher
Re (Re= 100) it is found that the highest average heat transfer
is found for Ra ¼ 104. The variation of average Nusselt10 20 30 40 50 60 70 80 90 100
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Figure 12 Bulk average temperature for varinumber against volume fraction is not significant for lower
Ra values. For Ra ¼ 105; Re  50, the average Nusselt num-
ber variation is found to be minimum. From both the cases
it can be observed that higher values of heat transfer rate
occurred in Case-I compared to Case-II. The use of heat
source in Case-I instead of Case-II causes a greater increase
in average Nusselt number such that the relative increase is
79.5% at Ra ¼ 105; Re ¼ 10 and /= 5% and 40.3% at
Ra ¼ 105; Ra ¼ 100 and /= 5%.
Fig. 12 represents the bulk average nanofluid temperature
for Case-I and Case-II. The bulk average variation is shown
against the Re. It is observed from the figure that bulk average
temperature is going down when Re increases in both the
cases. For all pertinent parameters Case-II represents higher10 20 30 40 50 60 70 80 90 100
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ous Re; Ra and / (a) Case-I, (b) Case-II.
Buoyancy driven heat transfer in nanofluids 809bulk average temperature than Case-I. It can be clearly
observed that bulk average temperature increases with increase
in solid volume fraction. The profiles are sharp but not
smooth. For both these cases at higher Ra values with
Re  50 the solid volume fraction shows negative impact on
the heat transfer rate.
4. Conclusion
This paper presents a numerical study of mixed convection
flows of copper–water nanofluid in a lid driven cavity in which
a heat source is mounted on a vertical wall of cavity.
The mounted heat source is firstly kept on the left (hot)
vertical wall and then to the right (cold) vertical wall. The left
vertical wall is kept at higher temperature compared to right
vertical wall and the other two horizontal walls are kept insu-
lated. The investigation has been accomplished for the size of
copper nanoparticles equal to 100 nm and for a wide range of
Re and Ra with different values of solid volume concentration.
In this study the effect of Re; Ra and / on the flow pattern
and heat characteristics are investigated. Based on the present
results it is observed that for fixed value of Ra, the flow is dom-
inated by the convection effects where the buoyancy-induced
activities are appreciable and fluid is well mixed and tempera-
ture is well distributed in the bulk of cavity for low Re values.
Under concurring thermal buoyancy forces along with the
forced buoyancy effects (i.e. when Re increases), stably-
stratified region becomes wider along the lower part of the cav-
ity and the vertical temperature gradients are increased. Heat
conductivity is lesser when the heat source is mounted on left
side as compared to the right side. For a fixed Re, the solid vol-
ume fraction and Rayleigh number have a positive effect on
heat transfer enhancement. Moreover, thermal conductivity
increases with increasing Rayleigh number. The average
Nusselt number is increasing with increase in Ra; Re and /
for both these cases but Case-I shows higher heat transfer rate.
Also, the effect of increasing solid volume fraction is large in
Case-I as compared to Case-II. In case-II, the solid volume
fraction has a noticeable effect only for the larger Re and Ra
values. The bulk average temperature is decreasing with
increase in Re, and the bulk average temperature is higher in
Case-II as compared to Case-I for all the considered parame-
ters. The further extension of this work will be considered
for larger size of nanoparticles or greater solid volume fraction
as discussed by some of the recent studies [17,18] using two
phase model for the better understanding of heat transfer in
nanofluid flow in the presence of Brownian motion and ther-
mophoresis effects. The effects of opaque wall and porosity
will also be studied using different heat sources.
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